The achieved results are based on the new comparison principles, which help us decrease the problem of the wavering between the third and first-order equations. Examples are given to prove the significance of new theorems.
Introduction
We consider the third-order nonlinear neutral differential equation of the form a(t) ϕ(z (t)) + q(t)ϕ(x(σ (t))) = 0, t ≥ t 0 > 0, (1.1) where z(t) := x(t) + p(t)x(η(t)) and q(t), σ (t) ∈ C([t 0 , +∞)), a(t) ∈ C 1 ([t 0 , +∞)), p(t), η(t) ∈ C 2 ([t 0 , +∞)). Further, assume the hypotheses are tacitly supposed to hold, (A 1 ) γ is a quotient of odd positive integers, a(t), q(t) > 0, 0 ≤ p(t) ≤ p 0 < ∞ ; Under a solution to Eq.(1.1), we mean a function x(t) in C 2 [T x , ∞) for which a(t)(z (t)) γ is in C 1 [T x , ∞) and Eq.(1.1) is satisfied on some interval [T x , ∞), where T x ≥ t 0 . We only consider those solutions x(t) for which sup{|x(t)| : t ≥ T } > 0 for all T ≥ T x .
A solution x of Eq.(1.1) is called oscillatory if it has arbitrarily large zeros on [T x , ∞) and it is non-oscillatory otherwise. Equation (1.1) itself is said to be oscillatory if all its solutions are oscillatory. Equation (1.1) called almost oscillatory if all its solutions are either oscillatory or satisfies lim t→∞ x(t) = 0.
It is known oscillatory behavior of solutions of various classes of neutral/delay differential equations are often encountered in applied problems in natural sciences, technology and engineering, as examples shown by Hale [1] . Of late, a large amount of interest in oscillatory properties of various classes of third-order linear/nonlinear neutral differential equations has been found. Baculiková and Dzurina [2, 3] , Li et al. [8, 9] studied the oscillatory behavior of the second and third order differential equation if 0 ≤ p(t) < 1. Thandapani and Li [7] obtained oscillation results for Eq.(1.1) using Riccati substitution technique. Ganesan and Sathish Kumar [10] [11] [12] obtained some comparison and Philos type oscillation results for third order neutral equation with mixed arguments. Sathish Kumar et al. [13] studied the oscillation and asymptotic behavior of the third order mixed neutral differential equation. Yang and Xu [14] established some new Kamenev-type oscillation criteria of Eq.(1.1).
Despite there, to the best of authors' knowledge, here is nothing known regarding asymptotic and oscillatory of all solutions of Eq.(1.1) by comparison principle method with p(t) ≥ 0. So the aim of this paper establishing some new comparison theorems essentially simplify the examination of the studied equations and enable us also to eliminate some conditions imposed in the cited papers on the coefficients of Eq.(1.1). As usual, all occurring functional inequalities are considered to support eventually, that is, they are satisfied for all t large enough.
Main Results
For our further reference, let us denote
To obtain sufficient conditions for the oscillation of solutions to Eq.(1.1), we need the the following lemmas.
hold and let x(t) be an eventually positive solution of Eq.(1.1). Then for sufficiently large t, either
Proof. The proof of the above lemma is standard and so it is omitted.
We now give oscillation results when (1.2) holds.
5)
and the first order delay differential equation
is oscillatory, then every nonoscillatory solution of Eq.(1.1) satisfies lim t→∞ x(t) = 0.
Proof. Assume that Eq.(1.1) has a non-oscillatory solution x(t). Without loss of generality, we can suppose that x(t) is eventually positive. Then from (A 1 ) and (A 3 ) the corresponding function z(t) satisfies
On the other hand, it follows from Eq.(1.1) that
and moreover taking (A 1 ) and (A 3 ) into account, we have
Using (2.8) and (2.9), we are led to,
From Lemma (2.3) that z(t) statistics either (C 1 ) or (C 2 ) for t ≥ t 1 . Assume that (C 1 ) holds. Then since z(t) = a(t)(z (t)) γ > 0 is decreasing, we obtain
Again integration from t 1 to t, yields
That is,
Using (2.11) together with (2.10), we get that z(t) is a positive solution of
Let us denote
Since z(t) decreasing and η(t) ≥ t that
Substituting above inequalities into (2.12), it follows from Theorem 1 in [15] we get that w(t) is a positive solution of (2.5), which contradicts. This implies that (C 2 ) holds. Since z(t) > 0 and z (t) < 0, then there exists lim t→∞ z(t) = L ≥ 0. We claim that L = 0. If L > 0 , then an integration of (2.10 ) from t to ∞ leads to
Since z(t) = a(t)(z (t)) γ decreasing and η(t) ≥ t, then
Which in view of (2.14) provides,
Using z γ (η(t)) ≥ L γ , we get
Integrating from t 1 to t, we obtain Proof. It follows from Theorem 2.1.1 in [16] that the associated delay differential equation (2.6) also has a positive solution, which contradicts.
where η −1 (t) is inverse function of η(t), is oscillatory, then every nonoscillatory solution of Eq.(1.1) satisfies lim t→∞ x(t) = 0.
Proof. Assume that Eq.(1.1) has a non-oscillatory solution x(t). Without loss of generality, we can suppose that x(t) is eventually positive. Then using the same arguments as in the proof of Theorem 2.4, we assume that (C 1 ) holds, z(t) = a(t)(z (t)) γ > 0 satisfies (2.12). Let us denote w(t) = z(t) +
Substituting above inequalities into (2.12), it follows from Theorem 1 in [15] we get that w(t) is a positive solution of (2.5), which contradicts. This implies that (C 2 ) holds.
Since z(t) > 0 and z (t) < 0, then there exists lim t→∞ z(t) = L ≥ 0. We claim that L = 0. If L > 0 , then z(t) satisfies (2.14).
Since z(t) = a(t)(z (t)) γ decreasing and η(t) ≤ t, then a(η(t))(z (η(t))) γ 1 + p
Multiplying by η (t) and integrating again from t to ∞, we have
Multiplying by η (t) and integrating from t 1 to t, we obtain Proof. It follows from Theorem 2.1.1 in [16] that the associated delay differential equation (2.17) also has a positive solution, which contradicts the oscillatory nature of (2.17).
Example
Example 3.1. Consider the third order nonlinear differential equation t 1/2 x(t) + 1 2
x(η 0 t) 1/2 + a t 5/2 x 1/2 (βt) = 0, (3.1) a > 0, t ≥ 1, where γ = 1/2, 0 < β < 1, p(t) = 1/2, q(t) = a t 5/2 , η(t) = η 0 t, σ (t) = βt and a(t) = t 1/2 . If η 0 ≥ 1, then Q(t) = a η 0 t 5/2 it is easy to see that all conditions of Corollary (2.5) are satisfied. If γ < η 0 ≤ 1, then Q(t) = a t 5/2 it is easy to see that all conditions of Corollary (2.7) are satisfied. Hence every solution of equation (3.1) is either oscillatory or converges to zero as t → ∞.
Remark 3.2. The results of this paper, we establish some new oscillation theorems for Eq.(1.1) in the case (1.2) where 0 ≤ p(t) ≤ p 0 < ∞. The criteria obtained extend the results in [3] . If 0 ≤ γ ≤ 1, using Lemma 2.2, the proof is similar one has to replace Q(t) with Q(t)/2 γ−1 and proceed as above.
